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Abstract

A regular graph with vertices of degree k is called a
k - regular graph or regular graph of deree k. G is said to
be strongly regular if there are also integers r and @ such
that: every two adjacent vertices have ¢ common
neighbours and every two non-adjacent vertices have @4
common neighbours. A graph of this kind is sometimes said

to be an SRG(nk,z,0). The length maxd(u,v) of the
(R

"longest shortest path" (i.e., the longest graph geodesic)
between any two vertices (u,v) of a graph, where d(u,v) is

a graph distance. n, denotes the maximum number of
vertices in a k - regular graph with diameter 2. We will
prove that 5(k-1) <n, <k?+1 and determine n, for some

special values of k .
Keywords: k- regular graph, strongly regular graph,
diameter.

Introduction

A graph G is a pair (V,E), where E is a set of pairs of
V (V is called vertex - set). The neighborhood of a vertex
v denoted by N(v),i.e., N(v)={ueV :(uyv)eE}. Note that
vg N(v). The size of N(v) is called the degree of v,
deg(v) . The graph G has diameter 2 if it is not the complete
graph and for each two vertices u,veV either (u,v) is an
edge of G, or Nu)nN(v) =& (or both). G is said to be
strongly regular if there are also integers r and @ such that:
every two adjacent vertices have r common neighbours and
every two non-adjacent vertices have @ common
neighbours. A graph of this kind is sometimes said to be an
SRG(n,k,7,6) [1]. Example, C isin SRG(5,2,0,1) . Petersen
Graph is in SRG(10,3,0,1) and it is composed of two cycles
(a,a,,8;,3,,a;) and (b,b, by,b,,b), it is added by edges
(a,.by). (a5, b;). (a3, 05). (3, b,), (a5, b,) -

n, denotes the maximum number of vertices ina k -
regular graph with diameter 2. In this paper, we will prove
that 5(k -1) <n, <k +1 and determine n_ for some special
values of k.

2 Main Results

In [4], Zoltan Furedi evaluated for the smallest
number edges of a k - regular graph with diameter 2.

In [3], the authors show that with the exception of
C,, there are no graphs of diameter 2, of maximum degree

d, and with d° vertices.

Theorem 1 (Paul Erdés,Siemion Fajtlowicz,Alan J .

Hoffman) If G is a graph of diameter 2 with n = d”
(d >=2) vertices and maximum degree d, then G is
isomorphic to a four-element cycle.

In our papers, we will estimate the maximum
number of vertices ina k - regular graph with diameter 2.
We prove that n,,, =5k by constructing a graph

have 5k vertices, k+1 - regular, P(k+1)=(V,E) with
diameter 2 and

k
V= Uxi v X = {854 853, 8512, 8511, 85, |
i=1
When k =2, P(3) isa Petersen graph.
E have edges:
(1) (asi_4+ 5i_3). (3513, 851 7). (352 Bsi1 ) (351 ;). (35, B5;_g)
Vi=1k.
(i) (B5i4.85j-4) » (Bsi_3:8554) s (B5i_2,85j-3), (8si_1,85)),
(85,855 5) Vi, j=1k,i<]j.
Obviously, P(k+1) is the graph with 5k vertices
and each vertex in the set X; connects to only vertex in the
set X (i= j)and 2 edges with the same vertex set, so the

degree of each vertex of P(k+1) is k+1. Here, we will
prove that P(k +1) is the graph with diameter 2.

Lemmal P(k+1) isa k+1 - regular graph on 5k
vertices with diameter 2.

Proof. Let u,v be two non-adjacent vertices in the set V .
We prove that N(u)NN(v) =D .

We consider two cases:
+ Case 1: 3i suchthat u,ve X;.
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If u=ag_,,then v isin {as_,, a5} (Because u,v are
non-adjacent and N (a5;_4) " N(as;_5) = {a5_3} ,

N(a5;_4) " N(a5_1) ={as } ).

Thus, u = a5;_, satifies the condition.

Similar to the cases: u = ag;_3, asj_,, 8sj_1., 8s; -
+Case 2: Ji< j suchthat ue X; and ve Xj.

If u=ag_,,then v=as; 5,85 5,851,385,

When v =ag;_5, we obtain N(u) "N(v) = {a5j,4} \
When v = ag; ,, we obtain N(u) "N(V) = {as; } ,
When v = ag; ;, we obtain N(u)N(v) = {a; 3},
When v = ag;, we obtain N(u)N(v) = {a5j_4} ,
Thus, u = a5;_, satifies the condition.

Similar to the cases: U = as;_3,8s;_5, a5_4, as; -
Hence, we have N(u) "N (v) =< in all cases.

Figure 1. Edges of X; and X;

First, we construct the structure of V in graph G with
diameter 2 in the following lemma:

Lemma 2 Suppose G = (V, E) is a graph with diameter 2.
Let xeV be an arbitrary vertex and

N(X) ={y1, Yo, Yy } - We have

V= {x}UN)UN () UN(y,) U UN(Y,)

ISSN:2319-7900
Proof. Obviously,

({X}UNCYUN(Y) UN(y,) U UN(Y,)) <V .

Suppose

3y eV —({x} UNCYUN(Y) UN(Y,) U UN(Y)).
Because y ¢ N(x), y is not adjacent to x, G have

diameter 2 so that we N(x) "N (y) . Because w is adjacent

to x, weN(X)={y;, Yo, ¥} and yeN(w), this is a

k
contradiction (y ¢ UN (yi))-
i=1
Thus,
V= {XfUN)UN(y) UN(y,) w- UN(Y) -

Figure 2. Vertices of k-regular graph with diameter 2.

We have a theorem to estimate n, as follow:

Theorem 2 When k e[ ", we have
5(k-1) <n, <k?+1.
Proof. By Theorem 1, we have P(k) isa k - regular graph
with diameter 2, i.e. n, 25(k-1) .
On the other hand, by Theorem 2 we have

IV 1= [{x} N O U N (1) = {XD) U (N (y,) = {x}) U U (N () = {x})]

k
<O+ NGO+ D INCQY) = {x} = Lk +k(k 1) =k +1
i=1

In [2], Hoffman and Singleton proved this result as
follow:

Theorem 3 G(r2 +1;r;0;1) exists when r =2;3;7 and
possible r =57 . G(50;7;0;1) graph, Hoffman Singleton
graph, if there exists, it is unique.

By estimating n, in Theorem 2, we have n, = k2 +1 for
n=2,3,7, and if there exists Hoffman Singleton graph, then
Ns; = 57% +1. In next Theorem, we determine n, .
Theorem4 n, =5,n; =10 and n, =15.
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Proof. By Theorem 2, we obtain
5=5(2-1)<n, <2*+1=5.Hence, n, =5.And P(1) isa
2 - regular graph with diameter 2.

By Theorem 2, we have 10=5(3-1)<n, <3*+1=10,
thus n; =10. And P(2) is a 3 - regular graph with diameter
2.

By Theorem 2, we obtain 15=5(4-1) <n, <4*+1=17.

We will prove that n, =17 and n, #16 .

1. Prove that n, =17 :

Indeed, suppose n, =17, thus there exists G = (V,E) so
that |V |=17 and G is a4 - regular graph with diameter 2.
Let vertex x be fix in V. Because deg(x)=4,

N(X) ={¥1, Y2, V3. Ya} -

k
By theorem 2, we have V = {x} UN(x) U{Uxi} , where
i=1
Xi = N(¥;) = ({x} UN(x)) .
If (yi,yj)€E (where i=j).
Without loss of generality, suppose vy, is adjacentto v, .
Hence, N(y;) = {X,y,.a,b}, N(y,) ={x,y;,c.d}.

Thus, X;c{ab}, X, c{c,d}. Hence, |[X;[<2,
| X, |<2. Obviously, | X5 <3, | X, [£3.
Finally, |V I|£1+4+2+2+3+3=15. This is a

contradiction (|V |=17).
Thus, y; is not adjacentto y; (where i= j).
Sothat X; = N(y;)—-{x} and | X; |=3.
4
17 =|V |31+4+Z| X;|=5+3.4=17.
i=1

So the equal sign must occur in the above inequality.
Hence, XjnX; =9.

On other hand, | X;|=3. Hence X; ={z3 ;. 251,25}

where i :1,_4.

+) We observe that if u e X;, then u is not adjacent to y;
(j=i)and x.
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We prove that u e X;, then there exists unique edge of

vertex u and one vertex in X; (i= j). Without loss of
generality, we consider the case i =1, j=2.

Indeed, if u is adjacent to two vertices v,we X,, then
N(u) = {y,,v,w,a} where a is a vertex.

Because u is not adjacent to two vertices Yy, Y, , we have
ae N(y3) "N (y,) = {x} (vertices y;,v,we N(ys),N(Y,)).
Sothat a=x and u isadjacentto x.

Hence, {U, Y1, Y2, Y3, Vaf © N(X) = N(x)[>5

(A contradiction with | N(x) |= 4).

If u is not adjacent to y,, N(U)NN(y,)=< and so
that u must be adjacent to a vertex in
N(y,) = {X,24,25.2¢}. But u is not adjacent to x, u is
adjacent to a vertex in X, ={z,,25, 2} .

Finally, if ue X;, then u is adjacent to only one vertex
in X; (j=i) ()

+) We will prove that if u,ve X; and u=v, then u,v is
non-adjacent.

Without loss of gerenality, we only consider the case i =1.

By (1) and (2) u must only be adjacent to the vertices
aeX,,beX;, ceX,

Hence {v,y;,a,b,c} = N(u), [N(u)[>5. A contradiction
with [N(u)|=4.

Finally, two vertices in X; are non - adjacent. (2)

+) We consider vertex z; :

By (1) and (2), we have N(z)={y;,ab,c} where
ae X,,beX;z,ceX,. Without loss of generality, we
consider the case a=1z,,b=2;,,c=12, (if not we can
renumber the elements in X;, i =2,3,4).

Hence N(zy) = {¥1,24,27, 20} -

+) We consider vertex z,:

N(z,) = {y1,a,b,c} where aeX,beX;ceX,. We
obtain a =z, because if a =z,, then z, is adjacent to two
vertices z;,z, of X; (a contradiction). Therefore z, is
adjacent to zg5,z5. Without loss of generality, we only
consider the case a = z; . Similarly, b=1z5, c=2z;.

Finally, N(z,) = {¥1.25. 25,21} -

+) The same with vertex z;, we have
N(Zs):{yllztS'ZQ'ZlZ}'
+) We consider vertex z,: N(z,) ={y,,2,a,b}.
16
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z, is adjacent to z;, ie. 1z,
25,23, Y3, Yar X.
N(y3):{x,z7,28,29}, N(Y4):{X’Zlo’211'212}-
z, is adjacent to zg, 2
Hence { 4_ J 812
z, is adjacent tozg, 2,

is not adjacent to

Without loss of generality, we consider the case z, is
adjacent to zg,z;,.

Sothat N(z4) = {Y5.2, 25, 215} -

+ We consider vertex zg: N(zs) ={Y,,2,,a,b}.
Z5 is not adjacent to z;,75, Y, Y4, X SO that
Z; is adjacent to z,,z;,
(A contradiction, because z, is adjacent to z;,)
z5 is adjacent z;4, Z4
Therefore N(z5) = {Y,,25,29, 20} -

+ We consider vertex zg: N(zg) ={Y,.23,a,b}.

Zg is not adjacent to zg,z4. Because zg is adjacent to
Z,, 7y isadjacentto zy, zg isadjacentto z,. Similarly, zg
is adjacent z;,.

Consequently, N(z¢) ={Y,.2,,27,231}

+ We consider vertex z;: N(z;) ={Ys,2,%5.a}.

Where ae X,. Because z; is adjacent to z,,23,24,25
and N(z,) = {Y;,25.2, 2}, We have a = z,;.

Sothat N(z;) = {V3,2,26, 21} .

On other hand, we have N(z3) ={Y;,2.29,2,} .

Hence N(z3)"N(z;) =9, but z3,z, are non-adjacent.
A contradiction with G have diameter 2.

There doesn’t exist 4 - regular, 2 - diameter graph with
17 edges.

2. Prove that n, #16 :
Suppose n, =16, hence there exists a graph G = (V,E)
with 2 - diameter, 4 - regular and |V |=16.
Because G is a4 - regular graph, by Theorem 2:
4
V= (NG v uN),
i=1
where N(X) = {y, Y5, Y3, Yo} and N(y;) ={x,a,b,c}.
If y; e{ab,c} (where i= j), prove that similarly, we
have |V |15 (A contradiction with |V |=16).
Consequently, y; is not adjacentto y; (where i j).

ISSN:2319-7900
Let X; =N(y;))-({x}UN(x)). As above, we have
|X;|=3 forall i=1,4.
Leta:max{|Xiij||i¢j,i,j:1,_4}.
If a=0, then [X;nX;[=0 for all i=j. Hence,

XinXj= forall i=j.

4
On other hand, V = (UXi)u{x}u N (x) . Therefore, we
i=1
have:

4 4
|V |:|Uxi |+1+4=)"|X;|+5=43+5=17.
i=1 i=1
(A contradiction with |V |=16).
Sothat ¢ >1. Suppose | Xz X, = .

4
16:|V|:|UXi|+5£| X, U Xy |+] X530 X, |+5
i=1 !

S| Xg U Xy 2104 | X5 |+ Xy | = X3 X, =17 -«
hence a<1.

Finally, =1 and the equal sign must occur in the
inequation:

Sothat (X;UX,)N(X3uX,)= and XN X, =,
| Xan X, =1, Thus, X;={2,2,,23}, X, ={24.25, 2},

Xs ={27,25, 20}, X4 = {29,210, 211} -

Figure 3. When n,=16.

+ We consider vertex zq : we have N(zg) = {ys,Y;.a,b} .
Because zy is not adjacent to y;, zg is adjacent to
z,,2,,23. Without loss of generality, we consider the case
which zq4 is adjacentto z,, .
Similarly, z4 is adjacentto z,.
Consequently, N(zg) ={Ys,¥s,2,24}.
+ We consider vertex z,: N(z,) ={y;,a,b,c}.
Because 'z, is not

adjacent to zy (where

N(zg) ={Ys, ¥4 21,24} ), we obtain {a,b,c}n{z,2,} =D .
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Suppose z, is adjacent to z;, we have z, is not
adjacent to Y., Y3, Y4 -

N(Y,) = {X 24,25, 26}, N(¥3) = {X, 27,25, 24} ,
N(y,) = {x, Zg, 210, Z11}-

Hence z, will be adjacent to one of three vertices
4,15, Zg, this vertex is called by a , z, is adjacent to one
of three vertices z,,zg,Zq, this vertex is called by b (b = zq4
because z,inN(zy) ). Similarly, z, is adjacent to one of two
vertices z,4,2;; and this vertex is called by c. Therefore, we
obtain {y;,2,a,b,c} = N(z,) = N(z;) 5.

(A contradiction with | N(z,)|=4)

We have z, is not adjacentto z; , hence z, is adjacent to
.

Because z, is not adjacent to y,, z, is adjacent to one
of three vertices z;,zg,24. Therefore, it is adjacent to one of
two vertices z,,zg. Without loss of generality, we consider
the case which z, is adjacent to z,. Similarly, z, is
adjacent to z,0. Consequently, N(z,) ={y;, 24,27, 2} .

+ We consider vertex zj:

Similarly as z,, z; is adjacent to z, and z; is adjacent
to one of two vertices z;,zg.

Case z, is adjacentto z;:

Because z; is not adjacent to y,, z; is adjacent to one
of two vertices z;,,2;,, this vertex is called by a.

z, is adjacent to one of three vertices z,,zs, Zg, called by
b.

={¥,,23,8,b,2,} = N(z;) =|N(z;) |2 5.

(A contradiction with | N(z;)) |= 4)

Consequently, z; must be adjacent to zg. Similarly, z,
is adjacent to z;;.

Finally, N(z3) ={Y1.24.25, 21} .

+ We consider vertex z:

Similarly as z,, we obtain z; is adjacent to z; and z4 is
adjacent to z, .

Because zg is not adjacent to y;, z is adjacent to one of
two vertices z;,zg.

Case z; isadjacentto z,:

z; is adjacent to z;; (Because zg is not adjacent to

23,Y4)
Case z; is adjacentto zg:
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z; is adjacent to z;, (Because z; is not adjacent to
23,Y4)
Without loss of generality, we consider the case which z;
is adjacent to z,,z;
Therefore z4 is adjacentto zg,z,.
Consequently, N(zs) ={Y,. 2,27, 231} and
N(z6) = {Y2. 21,23, 210} -
+) We consider vertex z; :
We have N(z;) ={y3.2,.25,a}.

Because z; is not adjacent to Ya,
N(Y,) = {X. 29,230, 211}, {@} {230,201} 2 D .
Because z; is not adjacent to Z;

(N(z3) = {yll 24,23, Z11} ) {a} m{ZS’ Z11} =J.
So that a = z;,.
Hence N(z;)={Y3,2,,25, 233}
Because z; is not adjacent to @z
(N(26) ={¥2. 21,25, 230} ), N(zs) "N(z;) = 2. A
contradiction with diameter of G =2.
Consequently, n, #16 .

Finally, n, <15 and n, =15. We have P(3) with
|V |=15, and P(3) is 4-regular graph with diameter 2.

3. Conclusion

In this paper, we define n, which is maximum
number of vertices in a k - regular graph with diameter 2,
and we estimate n, for all k e0 * and determine n, in case
k=234.
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