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Abstract

This paper presents a system order reduction method of
transfer function using Haar functions based on the approx-
imation and Haar transforms method. A high order system
often contains less significant poles that have little effect on
the system response. Therefore, if possible it is useful and
desirable to find a low-order approximating system from the
original high-order system, so that the handling effort such
as system analysis and design can be reduced. Walsh func-
tions were completed from the incomplete orthogonal func-
tion of Rademacher in 1923. And also Haar function set
forms a complete set of orthogonal rectangular functions
similar in several respects of the Walsh functions. The
method adopted in this paper is that of system approximation
using Haar transform. This approach provides a more effi-
cient and convenient method for the system order reduction.

Keyword: transfer function, Haar functions, transform, sys-
tem order reduction

|. Haar Functions

For analysis and design purposes, sort out the poles that

have a dominant effect on the transient response is important.

On the other hand, the poles that are far away from the imag-
inary axis in the left half s-plane or relative to the dominant
poles are insignificant. In system design, we can use domi-
nant poles of transfer function to control dynamic perfor-
mance of the system, but less important or insignificant
poles can be neglected with regard to the transient response.
Thus, now we can consider neglecting of insignificant poles
of transfer function and reducing the system order. Haar
functions that are introduced in this paper are useful to ap-
proximation of transfer function for system analysis and
reduction. The Haar functions were established rather earlier
than the Walsh functions by the Hungarian mathematician.
Alfred Haar described a set of orthogonal functions, each
taking essentially only two values and providing a simple
convergence and expansion of system. The Haar functions
form an orthogonal and orthonormal system of periodic
square waves. If we consider the time base to be defined as

0<t <1 then, the Haar functions is described as follows.
And its waveform of first eight Haar functions is shown in

figure 1.
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Figure 1. The first eight Haar functions

From the definition in equation (1.1), it can be seen that
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Haar functions are orthogonal, thus we can obtain (1.2).

1 for m=n

Iolh(m’ Dh(n,t) = { 0 for m#n

1.2)

For instance, the first four Haar functions H, can be written
as equation (1.3).

Hy (1) 1 1 1 1
|Hel ] 1 1 -1 -1

H=lmo||vi vz 0 o 9
Hy (D) 0 0 V2 —\2

Il. Haar Transform

A function f(t) is absolutely integrable on then it can be
expanded as an infinite series in term of Haar functions.

f@) = foho(t) + fihi (O) + frh, () + -

= XiZo fihi(0) (2.1)
Where f; is the ith sequentially ordered coefficient of the
Haar functions expansion of function f(t) and h; is the ith
ordered Haar functions. The coefficient of the Haar func-
tions expansion is given as equation (2.2).
1

fi =1, fO)dt (2.2)
We can get the approximation of f(t) using Haar transform
and its matrix expression.

f®) = Z5 fihi(®) = ETH, (1) (2.3)
where F, is coefficient vector of f(t) and H,(t) is its Haar
functions vector. T denotes transposition. For example, if

f(t)=t, f(t) can be transformed and approximated using Haar
functions and the result is shown in figure 2.

Time tisec)

Figure 2. Haar transform of f(t)=t with n=8

[1l. System Order Reduction using
Haar Functions

Given a high-order transfer function My(s), we can find a
low-order transfer function M. (s) as an approximation. A
method of approximating high-order system by low-order
system is based on one in the sense that the frequency re-
sponses of two systems are similar. Let the high-order sys-
tem transfer function be written by equation (3.1) and the
transfer function of the approximating low-order system be
represented by equation (3.2).

14by5+by 8%+ +bpys™
1+a;s+azs?+-+aps™

My(s) =K (3.1)

1+c1S+cps2+-+cqs?
1+dq+dys2+-+dpsP

M, (s) =K (3.2)

where n>m, n>p>q. And s=jw is applied to above equations,
thus we can obtain equation (3.3) and (3.4) respectively.

L AW)+wAw)

Mu(Gw) = ks (3.3)
) = )

M Gw) = ke wpom (34)

In this case, the zero frequency gain K of the two transfer
functions is the same. Thus, we can obtain the criterion of
finding the low-order M_(s), given My(s), is that the follow-
ing relation should be satisfied (3.5).

IMpGWI* _
ML (Gw)I (39)
Equating both side of equation (3.5) and satisfying the con-
dition, similar relationships can be obtained for coefficients
of equation (3.3) and (3.4). Now we can apply Haar func-
tions and its transform to determine the coefficients of equa-
tion (3.4) as follows.

Cw) = Bt eihi(w), ¢ = [} AQw)hy(©)dle (36)
Cw) = B cihiw), ¢ = [ Aw)hy(Ddt (37)
D(w) = X1 dih,(w), d; = [} Bw)hy(£)dt (39)
D(w) = X153 dii(w), d; = f, Bw)h,(t)dt (3.9)

Applying Haar functions and similar relationships, we can
define the coefficients from (3.6) to (3.9) conveniently. This

method is useful to convert high-order transfer function into
low-order.
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IV. Examples

Consider that the forward path transfer function of unity
feedback control system is given as figure 3,

G(s) X6 o

H(s)

A

Figure 3. Block diagram of feedback control system

8

G(s) = i) LH(s) =1 4.1)
Thus, the system transfer function is written as,
G(s
My(s) = ﬁ
-8
s3+s2+125+8
= - 4.2)

1+1.55+0.7552+0.12553

From equation (4.2), simplified low-order system M.(s) is
the second order system and the transfer function is deter-
mined as follow. In order to compare with the proposed
method in this paper, the result (4.3) can be obtained using
one of the numerical methods.

1
M =
() 14+ mys +m,s?

1
"1+ 1.171s + 0.433s?2

_ 2.31
T 5242.70455+2.31

(4.3)

Now we apply the Haar functions and its transform that is
suggested in this paper to get the low-order transfer function
M_(s) from the original high-order transfer function My(s).
Using equation (3.3) and (3.4), we can get (4.4) and (4.5).

1
1+ 1.5jw + 0.75(jw)? + 0.125(w)3

My(w) =

= : (4.4)

T (1-0.75w2)+jw(1.5-0.125w2)

ISSN:2319-7900
1

1+ myjw + m,(jw)?

M, (jw) =

1

= (4.5)

T (1-maw?)+jwm,

From similar relationships of equation (3.5), d; and d, are
represented as follows.
m;=1.5-0.125w?, m,=0.75 (4.6)

And also, equation (4.7) can be obtained by equation (3.4)
and (4.6).

D(w) = 0.75,D(w) = 1.5 — 0.125w? (4.7)
In order to determine the coefficients of D(w), we can ap-

ply Haar functions and transform to D(w), then equation
(4.7) is represented by equation (4.8).

d; = [ h;(w)(1.5 — 0.125w?)dw (4.8)
dy = 1.4583
d; = 0.0313
d, = 0.0055
d; = 0.0165
d, = 0.0009
ds = 0.0029
dg = 0.0050
d, = 0.0069 (4.9)

where i=1, 2, 3, ...7.(n=8). Continuously we can define the
discrete values of coefficients d; using Haar operational ma-
trix and equation (4.9).

d; = Hgxd,

where d; denotes discrete values of d; and Hg denotes Haar
operational matrix with n=8.

d; = 1.5723
di = 1.5409
d; = 2.0119
di = —0.0115
d; = 2.8540
di = —0.1120
d; = —0.0040
d; = —0.0038 (4.10)

The results in time domain are shown in figure 4 to 6. Trans-
fer function(TF) analysis between the original third-order
system and the numerical second-order system is shown in
figure 4. The dashed graph shows the original third-order
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system and the dotted graph displays the numerical second-
order system. Figure 5 shows analysis between the original
third-order system and the proposed second-order system. In
the figure, solid line stands for the proposed second-order
system. And three transfer functions in time domain analysis
is shown in figure 6.

Transfer Functions Analysis in Time Domain

5 10 15 20
time(sec)

Figure 4. Original and numerical TFs analysis

Transfer Functions Analysis in Time Domain
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Figure 5. Original and proposed TFs analysis

Transfer Functions Analysis in Time Domain
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Figure 6. Transfer functions analysis

IV. Conclusions

We have seen that the Haar functions and its transforms
can be used as an approximating set of system order reduc-
tion of transfer functions. System order reduction is useful

for system analysis and design because insignificant pole
can be neglected with regard to the transient response. The
proposed transfer function has the overshoot greater than the
original third-order system. The cause of this phenomenon is
based on an error by approximation. Nevertheless proposed
method for approximating transfer function is simple and
useful.
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