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Abstract

This paper presents a computational model of electrons
dynamics and gain in four-level atomic systems. This ap-
proach is based on the existing Auxiliary Differential Equa-
tion (ADE) technique in the context of the Transmission
Line Matrix method with the symmetrical condensed node
(SCN -TLM) and novel voltage sources. The scattering ma-
trix characterizing the SCN with the new voltage sources is
provided and the numerical results are compared with those
of the literature or with the theoretical ones.

Introduction

During the propagation of an electromagnetic (EM) wave
in a medium, it can be submitted to three processes: sponta-
neous emission, stimulated absorption and emission. These
processes contribute, according to the rate equations, to the
evolution of the population densities of electron energy
states during propagation [1]. On the other hand, the space-
time evolution of EM waves, during propagation, obeys
Maxwell’s equations, and depends on the macroscopic pola-
rization density owing to the response of the medium to the
EM wave. When the field has a low intensity, the polariza-
tion density is supposed proportional to the electric field
intensity. This kind of non-linear interaction allows the ex-
change of energy between EM waves and the electrons of
the medium. Several papers have modeled these interactions
using FDTD method [2]-[5], in particular the approach based
on the auxiliary differential equation (ADE), to study ab-
sorption in two-energy level atomic systems and gain of
four-level systems [2]. By coupling Maxwell’s equations
and the rate equations describing electrons population, this
method can model EM wave propagation in random gain
media [3]. It was also used, by including Pauli Exclusion
Principle and the dynamic pumping, to study EM wave inte-
raction with four-level two-electron atomic systems [4] and

multi-level multi-electron atomic systems [5].

A novel algorithm based on the Transmission Line Matrix
(TLM) method [6]-[11] with condensed symmetrical node
(SCN) and new voltage sources combined with the auxiliary
differential equation (ADE) was rarely used for modeling
this kind of phenomena. The first approach modeling quan-
tum properties of two energy level atomic systems were pro-
posed in [8]. The proposed ADE-TLM model describes the
space-time evolution of electrons populations densities in
each energy level and gives the frequency evolution of the
gain in four-level atomic system. Furthermore, the scattering
matrix characterizing the SCN with the new voltage sources
is provided and the simulation's results are compared to
those of the literature or obtained by the theoretical solu-
tions.

Theory

In our proposed model, we reformulate the auxiliary diffe-
rential equation (ADE) technique in the context of the TLM
method. This approach allows the simulation of the propaga-
tion of optical pulses in four-level atomic systems, by solv-
ing Maxwell's and polarization equations describing the ef-
fects of the media on the EM wave’s propagation. This ap-
proach is based on the time discretization applied to the
components of the EM field and polarization vector by using
centered differencing.

A. Macroscopic polarization equations

Electron transitions in atomic systems with four energy
levels E; and respective normalized densities

N;(i =0, 1 2, 3)are considered as in a simplified model
of two oscillating dipoles: P, for E; to E, transitions with
a frequency w,and B, for E,to E; transitions with a
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pumping frequency a, illustrated in Figure 1.
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Figure 1.Four-level atomic systems model.

The equations of macroscopic polarization are governed
by the following auxiliary differential equation: [4]:
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are the radiative energy decay rates.
Am, and A, are the total energy attenuation rate which

describe the spectral line width of the transition taking into
account the energy loss by pumping and relaxation effects.
In four-level atomic systems E, < E, < E, < E;and popu-

lation densities Ng, N;, N, and N, N, respectively (de-
picted in Figure 1), the rate equations are [2]:

dt Ty o, dt
N, _ Ng N, 1 P,
dt Ty Ty heo, dt
AN, _ N, Ny 1 gdRy
dt Ty T T, dt
dNy _ Nj 1 —dP,
dt T30 hwb dt
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B. ADE-TLM algorithm

In order to implement a numerical model for the simula-
tion of the interaction of EM wave with four-energy level
atomic systems using the TLM method with the SCN and
novel voltage sources, we combine the equations (1) and (2)
with those of Maxwell:

OE@) , 3P, )+ (1)
0 ot at
AH (1)

VAﬁ:e

VAE =— Ho

@)

Let’s consider an EM wave propagating in a 3D regular
mesh (AX = Ay = Az), Maxwell’s equations time-

discretization with a time step At gives at a time t" = nAt,
the following expressions:
E™(,j, k) =E"(i,], k) - i(Pt“”(i, i, K) - P (i, J, K)

20

1
FANOAR 26, k)

0
1
H™, j, k) =H"(, ], k)—EVAEn+2 (i,J, k)
Ho “)
Where R(, j, k) = R(, j, k)+R(, j, k) .
In these equations, we have replaced the EM parameters
(E, H) by their equivalent voltages and currents (v, 1):

V=EAL,I=H. ALandV=2,.1 5)
Where Al is the space step and Z, is the intrinsic imped-
ance of vacuum. Thus, the equations (4) become:

VTG K = VLK) - ?(Pt”ﬂ(i, J, K) - B0, ), K))
0

At s
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)
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At 2

™G0 K) = 10, K) - 2L ALVAE 26, j, k)
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The fields (E, H) in the curls of equations (6) are con-
verted into local incident and scattered voltage pulses V' and
V' on the faces of the SCN of the TLM Method [6]-[7]. Thus
making use of charge and energy conservation principle
through the transmission lines forming the SCN, and impos-
ing the continuity conditions on the electric and magnetic
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fields [6], we obtain at time nAt the following scattering
matrix of the SCN with voltage sources:

v (001 100 0 0 0 1 0 - 0)y) (Y%« 0 0
v, 10000 1 00 0 -10 1V, Vo 00
v, 1001 000 1 00 0 -1V, 0 Vy 0
v, 001 010 -1000 10|V 0 Vy 0
Vg 000101 0-1010 0V 0 0V,
Ve _1/0 10 0 1.0 10100 0fV| 1)0 0V
V| 200 0010101010 0V 0 0V,
Vg 00010 -1010 00 1 0JY 0V,
Yy 10 000 -100 0 1 0 1]V V, 0 0
Vio 0 -1 00 1 0 1 0 1 0 0 0]V 0 0V,
Viy 10 0100010 0 0 1y 0V, 0
Vi 001100000101 0V |y oo
()

The obtained matrix models EM wave propagation in an
atomic system taking into account the physical effects re-
lated with the medium polarization with the voltage sources

(Vsx» Vey» V) which are expressed as follows:
Varavs == ZLEIGL K - PG ) -
%

Where u=x, y, z. P"is the medium’s polarization at time
t" = (n+1)At. Its expressions are deduced from the time
discretization of equations (1):
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The TLM method with voltage sources algorithm imple-
mentation is based on a recursive computation of

P™(i, j, k) and RL™(, j, k) given by the equation (9).
This allows to update voltage sources given by (8),
V"*l(i, j, k) from (6) and to determine the population den-
sities N™™ with i =0, 1, 2, 3 given by (2). Local scattered

voltage pulses V" at the SCN are obtained from the scatter-
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ing matrix expressed in (7). Finally, we establish connec-
tions between nodes along the spatial TLM lattice.

Numerical results

The proposed model was used to simulate the effect of an
incident EM wave on a four-level atomic system.. The phys-
ical parameters characterizing this atomic system of four
energy levels E, <E; <E, <Ej are [2]:

w, =210 rad /'s, @,=27.10"rad /s,
Aw,=Aw,=47.10% rad /s,

With the electron life-time between energy levels

73,=0,99.10"s, 7,=1,35.10"s, 70=1.10"s,

r30=1.10'1°s, and initial normalized electrons population
densities in the energy level Ny=N;=1 and N,=0. The
spatial TLM lattice considered is (1,1,1000)Al , with Al is

the mesh width taken to be 3.10% zm. The atomic system
spans the cells located between 8Al and 208Al in the z

direction. The air-system interface is excited first with a sine
wave of amplitude 2.10°V/m and frequency 1.10* Hz. In
order to prove the efficiency of the proposed model, we
present in Figure 2 the time evolution of the population dif-
ference AN;,=N;-N, at z=108Al . The results obtained

from TLM method show good agreement with FDTD me-
thod [2].

2
& ADE-TLM
E 15 * * EDTD
ey
©
= 1
=)
s
g 05
S
o 0
(&)
c
o
NG -0.5
5

-1

0 40 80 120 160 180
Temps (fs)

Figure 2. Comparison of population difference as computedted
by ADE-TLM and FDTD methods.
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In the second part, we have excited the air-system inter-
face using a Gaussian wave of amplitude 1V/m and frequen-
cy 1.10" Hz [2]. The values of the electric field magnitudes
in the two edges, air-system and system-air, allow to eva-
luate the amplification factor as shown in Figure 3. Here
again, the TLM method generates results in very good
agreement with those of [2] and with the theoretical ones [1].
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Figure 3. Comparison of amplification factor versus fre-
guency as computed by theory, FDTD and ADE-TLM me-
thods.

Conclusion

We have developed a novel modeling approach for EM
wave propagation in four-level atomic systems, using the
ADE-TLM method, with new voltage sources. In order to
illustrate the validity of this novel model combining both
classical electrodynamics with quantum mechanics, we have
simulated the electrons dynamic between four energy levels
through the variation of populations’ densities by the rate
equations. The good agreement between the novel TLM
approach results and those available in the literature proves
its validity and efficiency. Hence, this study contributes to
the widening of the field of the problems treated by the TLM
method.
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